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Quasi-two-dimensional excitons in finite magnetic fields
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We present a theoretical and experimental investigation of the effects of a magnetic field on quasi-two-
dimensional excitons. We calculate the internal structures and dispersion relations of spatially direct and
indirect excitons in single and coupled quantum wells in a magnetic field perpendicular to the well plane. We
find a sharp transition from a hydrogenlike exciton to a magnetoexciton with increasing the center-of-mass
momentum at fixed weak field. At that transition the mean electron-hole separation increases sharply and
becomes}P/B' , whereP is the magnetoexciton center-of-mass momentum andB' is the magnetic field
perpendicular to the quantum well plane. The transition resembles a first-order phase transition. The magnetic-
field–exciton momentum phase diagram describing the transition is constructed. We measure the magnetoex-
citon dispersion relations and effective masses in GaAs/Al0.33Ga0.67As coupled quantum wells using tilted
magnetic fields. The calculated dispersion relations and effective masses are in agreement with the experimen-
tal data. We discuss the impact of magnetic field and sample geometry on the condition for observing exciton
condensation.
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I. INTRODUCTION

The theory of Mott excitons in a magnetic field was fir
developed by Elliott and Loudon1 and by Hasegawa an
Howard,2 who considered the case of exciton with ze
center-of-mass~c.m.! momentum. The exciton dispersion r
lation, i.e., the influence of the exciton motion on its spe
trum, was subsequently investigated in the high-magn
field limit ~when cyclotron energy is much larger than t
Coulomb energy! in the cases of three-dimensional~3D!
excitons,3 2D excitons in a perpendicular magnetic field,4–6

and spatially indirect quasi-2D excitons also in a perpend
lar magnetic field.7

The interest in this issue stems from the unique coup
between the exciton internal structure and c.m. motion
duced by the magnetic field.3–7 To illustrate this result let us
consider a 2D exciton, made of an electrone and a holeh,
free to move parallel to the$x̂,ŷ% plane. In the absence o
magnetic field they form a flat hydrogenic system with c.
momentumPP$x̂,ŷ%. A high magnetic field applied perpen
dicular to the $x̂,ŷ% plane, B5B'ẑ, changes this picture
completely, forcing the electron and the hole to travel w
the same velocity,vg5]EX /]P, in such a way that they pro
duce on each other a Coulomb force that cancels exactly
Lorentz force, Fig. 1~a!.4,6 Applying this condition self-
consistently determines 2D-magnetoexciton dispersion r
tion EX5EX(P) and, in turn, its binding energyEB and ef-
fective mass MB . In the high-magnetic-field limit the
problem can be solved analytically.4

For the following it is convenient to introduce four qua
tities: ~i! the magnetic lengthl B5A\c/(eB'), ~ii ! the cyclo-
tron energy\vc5\eB/(mc), ~iii ! the 3D-exciton Bohr ra-
dius aB5«\2/(me2), and ~iv! its binding energy Ry
5me4/(2«2\2); here, me , mh , and m5memh /(me1mh)
are, respectively, thee and h effective masses and thee-h
0163-1829/2002/65~23!/235304~11!/$20.00 65 2353
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reduced mass.l B and\vc fix the magnetic length and energ
scales, whereasaB andRy determine the Coulomb ones. I
the following we measure the exciton energy from the se
conductor gap.

In the high-magnetic-field limit one can demonstrate a
lytically the following interesting results for 2D magnetoe
citons built up frome and h in the zeroth Landau levels
~LL’s ! ~Ref. 4!: ~1! The magnetoexciton dispersion relation
given byEX(P)52EBe2bI 0(b), whereI 0(x) is the modi-
fied Bessel function andb5@PlB /(2\)#2. ~2! The magneto-
exciton binding energy is proportional to square root ofB' ,
EB5Ap/2e2/(« l B);AB'. ~3! For small momentaPlB /\
!1, the magnetoexciton dispersion is parabolic and is ch
acterized by an effective magnetoexciton massMB

5(23/2«\2)/(p1/2e2l B);AB' . ~4! For a magnetoexciton
with P50 the magnetic length plays the role of the Bo
radius. ~5! Magnetoexcitons with momentumP carry an
electric dipole in the direction perpendicular toP whose
magnitudee^r &5e^re2rh&5eẑ3Pl B

2/\ is proportional to
P. This expression makes explicit the coupling between
c.m. motion and the internal structure. This coupling resu
in a curious property, called the electrostatic analogy: T
dispersionEX(P) can be calculated from the expression
the Coulomb force betweene andh as a function of̂ r & and
has the unusual consequence that the magnetoexciton
and binding energy depend on the magnetic field only a
are independent ofme andmh . Contrary to thee-h system at
zero magnetic field~hydrogenic problem!, all e-h pairs are
bound states and there is no scattering state. AtPlB /\@1
the separation betweene andh tends to infinity and the mag
netoexciton energy tends toward the sum of the loweste and
h LL energies, i.e.,12 \vc . The theoretical magnetoexcito
dispersion is shown in Fig. 1~c!.

The internal structure and dispersion relation of the
magnetoexciton are qualitatively different from those of 2
©2002 The American Physical Society04-1
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excitons at zero magnetic field. This is clearly seen by co
paring the lowest-energy states of these two limits wh
evolve into each other whenB is varied: the magnetoexciton
which is built up frome andh in the zeroth LL’s, and the 1s
exciton atB50. For the former, the dispersion relation
given above and is shown in Fig. 1~c! and ^r &5 ẑ3Pl B

2/\.
For the latter, the dispersion relation is quadraticEX(P)
5P2/2M2Eb and^r &50 ;P; here,M5me1mh is the ex-
citon mass andEb is the exciton binding energy which i
equal to 4Ry for 2D excitons. Clearly the transition from th
2D exciton at zero magnetic field to the 2D magnetoexci
is nontrivial, and this is the subject of the present paper.

Experimentally, quasi-2D exciton systems are realized
two types of heterostructures: regular~single! quantum wells
~SQW’s! and coupled quantum wells~CQW’s!. As shown in
Fig. 2, in the first case thee andh reside in the same laye
and form spatially direct excitons, whereas in the seco
case thee and h are in two different layers separated by
distanced ~along the growth directionẑ) and form spatially
indirect excitons. In this article we study the dispersion re
tions and internal structures of both spatially direct and in
rect excitons in SQW’s and CQW’s for a wide range of ma
netic fields perpendicular to the QW plane. We use a dir
method for solving the Schro¨dinger equation in the imagi
nary time formalism and we identify two very distinct re
gimes. The first is realized for weakB' and small momenta
P, where thee-h Coulomb attraction is dominant and th
exciton structure is that of a strongly bound hydrogenice-h
state, only slightly modified byB' . In the other regime, a

FIG. 1. Schematics showing~a! the coupling between the 2D
magnetoexciton center-of-mass and internal motions,~b! the sepa-
ration between the electron and hole wave functions for 2D m
netoexcitons, and~c! calculated dispersions of 2D magnetoexcit
in the high-magnetic-field limit.
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high B' or largeP, the exciton structure is dominated by th
interaction of each carrier with the magnetic field. It is e
sential to realize that the latter regime occurs for large val
of P even at weakB' , when thee-h separation in the$x̂,ŷ%
plane,^r &5 ẑ3Pl B

2/\, is large and the Coulomb interactio
is small compared to the interaction with the magnetic fie
From now on we will call the excitons in these regimes h
drogenlike excitons and magnetoexcitons, respectively.
find that for magnetic fields smaller than a critical valueB0
@see Eq.~12!# there is a sharp transition between these t
regimes asP grows. At the transition pointP5Ptr(B') the
exciton dispersion relation abruptly changes from a quadr
dependence,EX(P)}P2 for P,Ptr(B'), to being practi-
cally independent onP, EX(P)' 1

2 \vc for P.Ptr(B'). The
origin of this transition is that the effective potentialUe f f(r )
defining the internal exciton structure has two minima, o
corresponding to the Coulomb attraction and the other
duced byB' , as sketched in Fig. 3~a!. The separation be
tween these minima is proportional toP. As illustrated in
Fig. 3~a!, whenP increases~at fixed B') the energy of the
Coulomb minimum increases and eventually crosses tha
the magnetic minimum at the transition pointP5Ptr(B'),
where the exciton ground-state wave function jumps fr
the Coulomb minimum to the magnetic minimum~in the
following the term ‘‘ground state’’ is used for the lowes
energy exciton state at any particularP). In the high-
magnetic-field limit, defined byEb ,EB!\vc , only the mag-
netoexciton regime exists and^r &5cP/(eB') ;P, whereas
for intermediate fields the transition smears out into a cro
over region. Following the evolution of the exciton dispe
sion asB' varies we also determine the variation of its e
fective mass,MX . We find that the magnetic-field-induce
enhancement of the effective mass is very different for s
tially direct and indirect excitons, with a strong dependen
on the spacing between thee layer andh layer, d. For ex-
ample, whenB'50→10 T the mass of the direct exciton
d50, is not much affected; conversely, for indirect excito
with d511.5 nm the mass increases by;6 times. The cal-
culated mass enhancement for indirect excitons withd
511.5 nm is in agreement with the experimental data~see
also Ref. 8!.

The paper is organized as follows: In Sec. II we descr
the basic quantum mechanics ofe-h systems in magnetic
fields and outline our numerical integration method. In S

-

FIG. 2. Schematics showing the direct~D! and indirect~I! ex-
citons in SQW’s~left! and CQW’s~right! with electron and hole
residing either in the same layer or in layers separated by a dist
d along the growth axis.
4-2
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III we discuss the transition from the hydrogenlike exciton
the magnetoexciton. In Sec. IV we compare experime
data with theoretical results for the magnetoexciton disp
sion relations and effective masses in finiteB' . Section V
concludes our work.

II. QUASI-2D EXCITONS IN A MAGNETIC FIELD

The Hamiltonian of an interactinge-h pair in a magnetic
field B is

Ĥ5 (
i 5e,h

1

2mi
S 2 i\

]

]r i
1

ei

c
A~r i ! D 2

1V~re2rh!. ~1!

Here V is the e-h interaction andA is the vector potentia
generatingB. In the case of a 2D magnetoexciton it is co
venient to distinguish the components ofB parallel and per-
pendicular to the plane of thee-h motion:B5B'1Bi , with
B'i ẑ and Bi5Bi ( x̂ cosu1ŷsinu)P$x̂,ŷ%, and to work in
the gauge

A~r !5
1

2
B'3r1zBi~ x̂ sinu2 ŷ cosu!, ~2!

whererP$x̂,ŷ%. In what follows we consider for simplicity
the case of deep and narrow QW’s so that thee andh motion
is approximately quasi two dimensional. They intera
through the potential

FIG. 3. ~a! Schematics showing the variation of the effecti
potential at weakB' with increasing exciton momentumP. The
Coulomb exciton levels slide along the magnetic parabola.r0

5cP/(eB') is the meane-h separation for the magnetoexciton
the high-magnetic-field limit.~b! Schematic dispersions of the thre
lowest exciton states at weakB' . The dotted parabolas and line
show, respectively, the three lowest hydrogenlike exciton state
B50 and the three lowest sums of thee andh Landau-level ener-
gies which represent the three lowest magnetoexciton levels.
23530
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V~r !52
e2

«Ar 21d2
. ~3!

For spatially indirect excitons,d is the distance between th
centers of thee and h layers andd50 for spatially direct
exciton. Because thee-h Schrödinger equation is invarian
under simultaneous translation of thee andh parallel to the

$x̂,ŷ% and the corresponding gauge transformation, there
2D integrals of motion:3,4

Pm5P1
ed

c
Bi3 ẑ, P52 i\

]

]R
1

e

2c
B'3r , ~4!

where R5(mere1mhrh)/M is the c.m. coordinate,r5re
2rh is the relative coordinate,M5me1mh is the e-h pair
total mass, and we have introduced vectorP which accounts
for the effects of the perpendicular component of the m
netic field B' only. The in-plane magnetic fieldBi has no
effect on spatially direct~magneto!excitons, whereas for spa
tially indirect ~magneto!excitons it shifts the dispersion curv
by (ed/c)Bi3 ẑ without changing its shape~to the second
order inBi and QW width!.8–11 Finally, since in the absenc
of an in-plane magnetic field the Hamiltonian is invaria
under inversion, the dispersion relation depends only onB'

andP2.
By choosing wave functions of the form

CPm
~R,r !5expF i\21RS Pm1

e

2c\
B'3r D GcPm

~r !, ~5!

one obtains the Hamiltonian for the relative motion wa
function,cPm

(r ),3

Ĥ52
\2

2m
D r1

eB'

2ch
L̂z1

P2

2M
1

1

2m S eB'

2c D 2

r 2

1
e

cM
B'3P•r1V~r !. ~6!

HereL̂z5 i\ ẑr3¹r is the angular momentum operator in th
z direction, m215me

211mh
21 , and h215me

212mh
21 . The

representation~6! deserves some comment. The second te
describes the interaction of exciton magnetic dipole with
magnetic field and disappears when the carriers have
same masses. This is easy to understand, since in the
coordinates, an electron and a hole with the same ma
rotate around the c.m. at the same distance and, since
carry opposite charges, the total magnetic dipole of the s
tem is zero. The fourth term, (1/2m)@eB' /(2c)#2r 2 is re-
sponsible for the Langevin diamagnetic shift and the fi
term expresses that an electric fieldE5(cM)21B'3P ap-
pears in the c.m. frame of thee-h system moving in the
magnetic field and interacts with the relative coordinate el
tric dipole er . This representation is helpful in the case
excitons with small momenta in weakB' , when the Cou-
lomb attraction dominates and determines the exciton in
nal structure. In that case, the terms linear and quadraticr
only slightly modify the exciton ground state and can
considered as perturbations.

at
4-3



on
e

an
d
ds

W
ar
y

th
s
ly
an
nc
gy

Th

b
-
s
q

he

e

ly
on

t
t
ft

ted

nd

he
hy-
etic
lly
b
ig.

.,
e, at
to

the
nges

at

s-
l-
the

ela-
ted
-
tic

es

t
d by

gen-

n
n

ell
the

he
und
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It is also interesting to make the transformation,

cP~r !5expS 1

2\ i

m

h
PrDfP~r1r0!, r05

c

eB
ẑ3P, ~7!

to obtain3

Ĥ52
\2

2m
D r1

eB'

2ch
L̂z1

1

2m S eB'

2c D 2

r 21V~r1r0!, ~8!

which is very useful in the opposite case of magnetoexcit
whose structure is mainly determined by the independ
interaction between carriers and the magnetic field,
where it is the Coulomb interaction that can be considere
a perturbation.3,4 This corresponds to large magnetic fiel
and/or large exciton momenta.

We concentrate on the magnetoexciton ground state.
determine numerically the solutions of the nonstation
Schrödinger equation in the imaginary time formalism. An
initial wave functionc(r ,0) can be expressed on$c j (r )%, the
basis of eigenstates of the Hamiltonian~8!, and its evolution
in imaginary timet has the form

c~r ,t !5(
j

Cje
2Ej t/\c j~r !, ~9!

whereEj , j 51,2 . . . , are theeigenvalues of Eq.~8!. After
each time step we normalize the wave function. Since
bound levels at fixedP are discrete, it follows that for time
t@\(E22E1)21 all excited states, including those direct
above the ground state, are exponentially eliminated
only the ground exciton state contributes to the wave fu
tion. In the calculations we used for units of length, ener
and momentum, respectively,aB/2, 4Ry ~i.e., the Bohr radius
and the binding energy of a 2D direct exciton! and P0
5e2M /(«\).

We performed the calculations for GaAs/Al0.33Ga0.67As
CQW’s studied experimentally in Refs. 8,10 and 12 with«
512.1 and d511.5 nm (aB/256.7131027 cm, 4Ry
517 meV, and P0 /\53.623106 cm21) and for AlAs/
GaAs CQW’s with d53.5 nm studied experimentally in
Refs. 13 and 14.

III. TRANSITION FROM A HYDROGEN-LIKE EXCITON
TO A MAGNETOEXCITON

Let us first discuss the case of weak magnetic fields.
‘‘effective potential’’ Ue f f(r ) of the e-h motion @last two
terms in Eq.~8!# for PÞ0 has the form shown in Fig. 3~a!.
The potential is anisotropic and has two minima separated
r05cP/(eB'): The first is the Coulomb minimum corre
sponding to the fourth term of Eq.~8! and the second has it
origin in the parabolic magnetic potential, third term of E
~8!. Each minimum has its bound~or quasibound! levels. For
larger0 and weak magnetic fields the wave functions of t
lowest levels in the minima have negligible overlap~see the
Appendix! and the level splitting is small. Therefore, th
corresponding energies,ECoul for the Coulomb minimum
andEmagn for the magnetic minimum, can be approximate
calculated by perturbation theory. Within this approximati
23530
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the exciton energy in the Coulomb minimum isECoul
5P2/(2M )2Eb1DE, where Eb is the binding energy a
B50 and the correctionDE comes from the Langevin shif
@fourth term in Eq.~6!# and from the quadratic Stark shi
eaE 2 @a is the exciton polarizability andE the apparent
field in the c.m. frame, fifth term in Eq.~6!#. The energy of
the lowest level in the magnetic minimum can be estima
from the sum of the loweste and h LL energies slightly
perturbed by the Coulomb interactionEmagn5

1
2 \vc

2e2/(«r0) @see Eq.~8! and Refs. 4 and 7#.
Let us now consider the evolution of the exciton grou

state for smallB' asP increases. As long asP,Ptr , where

Ptr'A2M S Eb1
1

2
\vcD , ~10!

the Coulomb levelECoul is lower in energy than the level in
the magnetic minimum; i.e., the hydrogenlike exciton is t
ground state and its wave function is almost that of the
drogenlike exciton ground state in the absence of a magn
field. When P increases the magnetic minimum gradua
shifts away from the Coulomb minimum and the Coulom
level slides practically along the magnetic parabola, F
3~a!. WhenP.Ptr the level in the magnetic minimum, i.e
the magnetoexciton, becomes the ground state. Therefor
P5Ptr there is a transition from the hydrogenlike exciton
the magnetoexciton. At the transition thee-h separation in
the ground state abruptly increases to^r &5r05cP/(eB');
i.e., suddenly the size of the exciton blows up. Once
exciton has passed through the transition its energy cha
only weakly asP continues to grow, Figs. 3~a! and 3~b!. An
interesting result is worth noting: the exciton momentum
the transition point is finite even forB'→0; see Eq.~10!.
This limiting case is detailed in the Appendix.

The exciton spectrum in weak magnetic fields is illu
trated in Fig. 3~b! and can be described qualitatively as fo
lows. In the absence of a magnetic field the dispersion of
exciton ground state is quadratic,EX(P)5P2/(2M )2Eb ,
and all the excited bound states have similar dispersion r
tion but with smaller binding energies as shown by the dot
parabolas in Fig. 3~b! which represent the first three hydro
genlike levels. For any weak magnetic field the magne
minimum of the effective potentialUe f f(r ) appears atP
Þ0 with its corresponding family of magnetoexciton stat
whose energies areE(n,m)'\vc@n11/2(umu1mm/h
11)# ande-h separation̂ r &5r0.4 The energies of the firs
three magnetoexciton levels are schematically represente
the dotted lines in Fig. 3~b!. The levels of each family anti-
cross because of tunneling between the wave functions,
erating the dispersion curvesEX(P) represented by the solid
lines in Fig. 3~b!. In particular for the lowest magnetoexcito
level (n50, m50) and the lowest hydrogenlike excito
level the splitting is determined by the parameterd ~see the
Appendix!.

As shown in Fig. 4 the numerical solutions agree w
with the above qualitative description. Here we present
evolution of Ue f f(r ) for five values ofP50.1→1.5. The
shift of the magnetic minimum and the transition from t
hydrogenlike exciton ground state to magnetoexciton gro
4-4
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state are clearly seen. In Fig. 5 we present the evolution
the dispersion relations of the ground state asB' increase. It
shows that at weak fields the dispersion relation changes
denly near the transition pointP5Ptr , but is almost constan
at P.Ptr . A sharp transition is observed up toB''1 T for
the indirect excitons@Fig. 5~a!# and up toB''8 T for the
direct excitons@Fig. 5~b!#, which is discussed later in th
section.

As already mentioned, in the c.m. frame the exciton
periences an electric fieldE5(cM)21B3P. In the hydrogen-
like regime this produces a linear polarization of the excit
with the appearance of an induced in-plane dipoled5e^r &
5eaE}P. In the magnetoexciton regime, the averagee-h
separation^r &5r05cP/(eB') also induces a dipole}P,
with a different proportionality coefficient, however. Th
transition between the two types of electric field linear
sponse is shown in Fig. 6, which presents the calcula
^r (P)&2r0(P) for various B' . At weak B' the transition
from the hydrogenlike exciton regime~or weak-magnetic-
field regime! to the magnetoexciton regime~or strong-
magnetic-field regime! is characterized by the abrup
changes of^r (P)&2r0(P) corresponding to the sudde
change of the exciton polarizability. In turn, the ground-st

FIG. 4. ~a! Calculated variation of the effective potenti
Ue f f(x) at B'52 T with increasing exciton momentumP. The
calculations are performed for indirect exciton
GaAs/Al0.33Ga0.67As CQW with d511.5 nm. The units are given
at the end of Sec. II.
23530
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FIG. 5. Dispersion relations of spatially indirect~a! and direct
~b! excitons in GaAs/Al0.33Ga0.67As CQW’s with d511.5 nm in
various B' . The units are given at the end of Sec. II. For t
comparison with the experimental data see Fig. 11.

FIG. 6. The differencê r &2r0 between the actual meane-h
separation̂ r & and the meane-h separation for the magnetoexcito
in the high-magnetic-field limitr05cP/(eB') for indirect ~a! and
direct~b! excitons in various magnetic fields vs exciton momentu
The units are given at the end of Sec. II.
4-5
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wave function suddenly changes from hydrogen like to m
netoexciton like at the transition, Fig. 7.

For P.Ptr the exciton energy varies only slightly asP
continues to increase. The metastable Coulomb level con
ues to slide up along the magnetic parabola until it dis
pears because of the strong anisotropy of the Hamiltonian~6!
originating from the term}r . In other words, the Coulomb
minimum level disappears due to the ‘‘autoionization’’ of th
hydrogenlike exciton by the strong~apparent! electric field
E5(cM)21B3P into the magnetoexciton state with a larg
e-h separation. Note that for indirect excitons at higherP,
the Coulomb minimum itself disappears@Fig. 4~e!#. The
‘‘autoionization’’ occurs when the characteristic anisotro
energy 2eaBE becomes comparable toEb , i.e., for the mo-
mentum

Pdsp~B!5
cMEb

2eaBB'

. ~11!

For P.Pdsp the bound hydrogenlike state disappears. N
it is simple to understand at which magnetic fielde-h system
makes the transition: At the transition point the metasta

FIG. 7. Variation of the direct exciton ground-state wave fun
tion with increasing exciton momentum near the transition poin
B'54 T: ~a! P50.95P0, ~b! P5P0, and~c! P51.05P0. The units
are given at the end of Sec. II.
23530
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Coulomb level must still exist or, in other words,Ptr must be
smaller thanPdsp. Using Eqs.~10! and~11! this implies for
the magnetic field thatB',B0, where

B05
cMEb

2eaB
A2M @Eb1 1

2 \vc~B0!#

. ~12!

At B'.B0 the exciton structure changes gradually asP in-
creases, and, for example, in this case wave functions
the one shown in Fig. 7~b! cannot exist.

Now we can set the boundaries of the weak-magne
field regime defined as the region of the$P,B'% plane where
the exciton ground state is hydrogenlike. Obviously, it occ
only for P,Ptr ,Pdsp and, in addition, it must also be lim
ited byB',B1 such that the cyclotron energy is much larg
than the Coulomb energy\vc(B1)@Eb ,EB .3,4 This require-
ment terminates the weak-magnetic-field regime atP→0. As
we already mentioned forB'.B0 there are no abrup
changes in the exciton structure in the$P,B'% plane and,
therefore, whenB1.B'.B0 only a smooth crossover be
tween the weak- and strong-magnetic-field regimes exist

These results are summarized in the$P,B'%-plane phase
diagram shown in Fig. 8. One can distinguish several
gions, separated by various lines. Lineab ~excluding the
point a itself! corresponds to the hydrogenlike excito
→magnetoexciton transition. The areaoabd is the weak-
magnetic-field domain where the ground state is hydro
like, whereas all the rest of the$P,B'% plane corresponds to
the high-magnetic-field regime where the ground state is
magnetoexciton.abe is the region of coexistence of th
metastable hydrogenlike level and the magnetoexc
ground state. The magnetoexciton dispersion relation ha
inflection point on the linebc.

-
t

FIG. 8. Phase diagram for the exciton on the magnetic-fie
exciton momentum plane. Lineab ~excluding the pointa itself!
corresponds to the transition of the ground state from the hydrog
like exciton to the magnetoexciton.oabd is the region where the
hydrogenlike exciton is the ground state. The magnetoexciton is
ground state in the remaining part of the plane.abe is the region
where the metastable hydrogenlike level coexists with the mag
toexciton ground state. On the linebc the magnetoexciton disper
sion has an inflection point.
4-6
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To illustrate the theory we now evaluate the critical p
rametersPtr and B0 for the spatially direct and indirect (d
511.5 nm) excitons in GaAs/Al0.33Ga0.67As CQW’s. Equa-
tion ~12! gives estimates ofB0'1.4 T for indirect exciton
andB0'5.8 T for direct exciton. More accurate values a
obtained by noting again that forB',B0 the exciton disper-
sion and internal structure exhibit the peculiarity atP
5Ptr . Using this criterion in the numerical calculations w
get B0'1 T for the indirect exciton andB0'8 T for the
direct exciton. According to Eq.~10! as B→0 ~point a in
Fig. 8! Ptr'0.43P0 for the indirect exciton andPtr

5A4m/M P0'0.95P0 for the direct exciton. Both the esti
mates forB0 and Ptr are in agreement with the numeric
data as seen in Figs. 5 and 6.

So far we have considered the transition from hydrog
like excitons to magnetoexcitons for the ideal model syst
of ~separated! 2D spinless electrons and holes with isotrop
parabolic dispersions. The theory does not include sev
aspects of real life semiconductor heterostructures, suc
finite QW width effects, complex band structure effects, s
and in-plane localization effects. Although accounting in d
tail for these effects is beyond scope of our paper and
serves separate studies, it is worth discussing at least q
tatively how they affect the exciton dispersion and, in tu
the transition. As we will see the main theoretical resu
concerning the transition and the phase diagram are
valid for many real systems, in particular for high-quali
GaAs/AlxGa12xAs QW and CQW structures with narrow
QW’s and high potential barriers.

Finite QW widthsL modify the effect of both in-plane
and perpendicular magnetic fields on~magneto!exciton dis-
persion. Up to second order in the in-plane magnetic fi
Bi , the finite well width produces two effects:~1! diamag-
netic shifts of electron and hole dispersionsdEdia}L2Bi

2

~Ref. 15! and~2! van Vleck paramagnetism inducing a reno
malization of electron and hole effective masses,dM para

}L4Bi
2 , along theŷ'Bi direction.10 These two contributions

are negligible for narrow QW’s and/or not too strong field
i.e., whenL& l Bi

, wherel Bi
5A\c/(eBi) is the in-plane field

magnetic length. Let us consider now the effect of a perp
dicular magnetic field. WhenLÞ0, r z , the mean separatio
between the electron and hole wave functions alongẑ, which
is affected by thee-h Coulomb interaction, depends on th
center-of-mass momentumP, thus changing the effect ofB'

on the dispersion law. A variational estimate of this effe
shows that it is very weak for allB' considered in our work.

The electron and hole dispersions in real semicondu
QW structures are neither isotropic nor parabolic, and
modifies the exciton dispersion.16 According to Kane’s
model, the conduction-band nonparabolicitydme /me
;dE/E causes negligible effects on the transition from h
drogenlike excitons to magnetoexcitons whenEb ,EB!Eg .
This condition is satisfied for most semiconductors. T
valence-band nonparabolicity and anisotropy origina
mainly from the light-hole–heavy-hole coupling. It decreas
with increasing light-hole–heavy-hole band splittin
dELH2HH , which varies as the square of the inverse of
QW thickness. Thus effects of the valence band nonpara
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licity and anisotropy on the hydrogenlike exciton to magn
toexciton transition are negligible whenEb ,EB!dELH-HH .

In principle, the relative electron and hole spin orientati
is determined by the interplay between electron and h
Zeeman splitting ande-h exchange interaction, with the late
depending one-h separation. At the transition from a hydro
genlike exciton to a magnetoexciton the mean in-planee-h
separation increases strongly and that could influence
relative electron-hole spin orientation by reducing thee-h
exchange. For the case where thee-h exchange interaction
and the electron and hole spin splittings are much sma
than Eb and EB , a condition well satisfied for
GaAs/AlxGa12xAs QW structures, the spin effects on th
exciton dispersions and the transition can be neglec
Therefore, we do not consider the spin effects in this pap

We now consider the effects of exciton localization by
in-plane random potential, due to unavoidable interfa
roughness, impurities, etc., on the transition from the co
pact hydrogenlike exciton, size'aB , to the extended mag
netoexciton, size'r0(P)5(cP)/(eB'). The localization
effects are negligible when~i! the ~magneto!exciton momen-
tum uncertainty\/ l @ l is the mean free path of the~magne-
to!exciton# is much smaller thanPtr , ~ii ! the ~magneto!exci-
ton size is much smaller than the electron and h
localization lengths in the in-plane disorder potential, a
~iii ! the ~magneto!exciton binding energy~which vanishes at
P.Ptr for the magnetoexciton! is larger than the in-plane
random potential fluctuations. Therefore our phase diag
is only valid for high-quality QW samples with a weak in
plane disorder.

Finally, one should note another practical limitation th
restricts further the observation of the transition: the exci
size should be smaller than the average distance betwee
excitons: that is, the Mott criteria for the existence of
bound state.

IV. MAGNETOEXCITON DISPERSION RELATIONS
AND EFFECTIVE MASSES IN FINITE B�

In this section we compare the theoretical results w
experimental data for indirect excitons i
GaAs/Al0.33Ga0.67As CQW’s with d511.5 nm ~see also
Ref. 8!. The principle of our experimental technique is bas
on our previous remark@see Eq.~4!# that aBi only shifts the
magnetoexciton dispersionEX(P) by (ed/c)Bi3 ẑ without
changing its shape as illustrated in Fig. 9.

It is well known that the only free exciton states that c
recombine radiatively are those inside the intersection
tween the dispersion surfaceEX(P) and the photon cone
Eph5Pc/A«, called the radiative zone.17 In GaAs structures
the radiative zone corresponds to very small c.m. mome
P/\<K0.EgA«/(\c)'2.73105 cm21, where Eg is the
semiconductor gap. Therefore asBi increases the photon
cone’s intersection with the magnetoexciton dispersion s
face varies and the energy of the excitons that are couple
light, following the intersection, tracks the dispersion su
face. Thus, by measuring the magnetoexciton photolumin
cence~PL! energy as a function of the in-plane magne
4-7
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field Bi , one can determine the dispersion of the spatia
indirect magnetoexciton.

We use an1-i -n1 CQW heterostructure grown by mo
lecular beam epitaxy~MBE!. The i region consists of two
8-nm GaAs QW’s separated by a 4-nm Al0.33Ga0.67As barrier
and surrounded by two 200-nm Al0.33Ga0.67As barrier layers.
The n1 layers are Si-doped GaAs withNSi5531017 cm23.
The separation of the electron and hole layers in the CQ
~the indirect regime! is achieved by the gate voltageVg ap-
plied between then1 layers.Vg determines the external elec
tric field in theẑ direction,F5Vg /d0, whered0 is thei-layer
width, and is monitored externally. The shift of the indire
exciton energy with increasing gate voltage,DEPL5eFd,
allows the determination of the mean interlayer separatio
the indirect regime,d511.5 nm, which is close to the dis
tance between the QW centers.18 For the CQW’s studied here
the shift induced by strong in-plane magnetic fieldsKB
5(e/\c)dBi is much larger thanK0. For example, atBi
512 T, KB'2.13106 cm21;8K0. Furthermore, for the
narrow QW’s the diamagnetic shift of the bottom of th
bands is very small and can be neglected,15 as confirmed by
the negligible variation in the spatially direct transitions th
we observe. Therefore, the peak energy of the indirect e
ton PL is set by the energy of the radiative zone and fo
parabolic dispersion is given as a function ofBi by EP50

5PB
2/(2MX)5e2d2Bi

2/(2MXc2); i.e., it is inversely propor-
tional to the indirect~magneto!exciton massMX . The PL
measurements were performed in tilted magnetic fieldsB
5Bix̂1B'ẑ at T51.8 K in a He cryostat with optical win-
dows. Carriers were photoexcited by a HeNe laser at an
citation density 0.1 W/cm2 and the PL spectra were me
sured by a charge-coupled-device~CCD! camera.

The basic features of the indirect magnetoexciton are
same as that of the direct magnetoexciton. However, bec
of the separation between the electron and hole layers,
indirect magnetoexciton binding energy and effective m
differ quantitatively from those of the direct magnetoexcito

FIG. 9. Schematic of the indirect exciton dispersion at zeroB,
perpendicularB, and tiltedB. The optically active exciton states ar
within the radiative zone determined by the photon cone.
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As the interlayer separationd increases, the indirect magne
toexciton binding energy reduces, whereas its effective m
increases. In particular, in the high-magnetic-field lim
MBd5MB@1123/2d/(p1/2l B)# for d! l B and MBd

5MBp1/2d3/(23/2l B
3) for d@ l B .7 The effective mass en

hancement is easily explained using the electrostatic a
ogy: For separated layers thee-h Coulomb interaction is
weaker than that within a single layer and changes o
slightly for ^r &&d; this implies thatEX(P) increases only
slowly for P&\d/ l B

2 or, in other words, that indirect magne
toexcitons have a large effective mass.

The spatially direct transitions~D! and the indirect transi-
tion ~I! seen in Fig. 10 are identified by the PL kinetics a
Vg dependence. The direct PL lines have short decay t
and their positions practically do not depend onVg , while
the indirect exciton PL line has long decay time and shifts
lower energies with increasingVg .18 The upper and lower
direct PL lines seen in Fig. 10 are related to the direct hea
hole excitonX and the direct charged complexesX1 andX2

which are composed of the carriers confined in the sa
QW.19,20

The shift of the indirect exciton PL line vsBi gives the
magnetoexciton dispersion presented in Fig. 11~a! for vari-
ousB' . The magnetoexciton effective mass at the band b
tom is determined by the quadratic fits to the dispers
curves at smallP. At B'50 the PL energy shift rate corre
sponds toMX50.22m0, in good agreement with the calcu
lated mass of heavy-hole exciton in GaAs QW
'0.25m0 @me50.067m0 and in-plane heavy-hole massmh
50.18 m0 ~Refs. 16 and 21!#. Drastic changes of the mag
netoexciton dispersion are observed at finiteB' . The disper-
sion curves become significantly flat at small momenta
seen in Fig. 11. This corresponds to a strong enhanceme
the magnetoexciton mass. Already atB'54 T the magne-
toexciton mass has increased by about 3 times, and at hi

FIG. 10. PL spectra in magnetic fieldsB5Bix̂1B'ẑ for differ-
ent perpendicular,B' , and parallel,Bi , components atVg51 V.
The intensities are normalized.
4-8
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B' the dispersions become so flat that the scattering of
experimental points no longer allows precise determina
of such large masses.

The experimental results are now compared with calcu
tions of the magnetoexciton dispersion performed using
approach described in the previous sections. The results
shown in Fig. 11~b!. We find that in a finite magnetic field
the dispersion relation changes from a quadratic form
small P to the typical form for pure 2D magnetoexcitons
large P.4,7 At the same time the effective mass which ch
acterizes the dispersion at smallP monotonically grows with
B' , Fig. 12. The calculated effective mass enhancement
excellent agreement with the experimental data, with l
than 10% discrepancy;22 e.g., atB'54 T the measured mag
netoexciton mass increase is 2.7 as compared to the the
ical value of 2.5~see Fig. 12!. The agreement still remain
qualitatively good at high momenta~e.g. both experimen
and theory show that at highP the magnetoexciton disper
sions at finiteB' become lower in energy than the excito
dispersion atB'50); however, the theory gives a rate
energy increase with momentum at highP slightly slower
than the experiment. This quantitative difference does
change the general picture.

The good agreement between the theory~see the end of
Sec. III! and the experimental data shows that the effects
we have not accounted for, such as finite QW width, comp
band structure, spin related, and in-plane localization, ca
only minor corrections to the magnetically induced effect
mass enhancement. They are most likely too small to
observed in our experiment because of our choice of
experimental conditions. For our GaAs/AlxGa12xAs CQW

FIG. 11. ~a! Measured and~b! calculated dispersions of an in
direct magnetoexciton in GaAs/Al0.33Ga0.67As CQW’s with d
511.5 nm atB'50, 2, 4, 6, 8, and 10 T vsK (Bi).
23530
e
n

-
e
re

t

-

in
s

ret-

ot

at
x
se

e
e

sample with narrow QW’s,~1! the LÞ0 effects are negli-
gible in the wide range of in-plane magnetic fields such t
l Bi

.L and ~2! the complex band structure effects are neg
gible in the wide range of~magneto!exciton momenta such
thatdEBi

!dELH-HH , because of the large light-hole–heav

hole band splitting, dELH2HH517 meV.20 For
GaAs/AlxGa12xAs QW’s the electron and hole Zeema
splittings are small compared to the kinetic energy variati
so that the spin effects are negligible. Finally, our sample
of high quality, with very small in-plane disorder, so th
localization effects are negligible. We should note, howev
that the quantitative difference between experiment a
theory for the rate of energy increase with momentum at
largest magnetoexciton momenta is unclear. The decreas
our experimental accuracy in the line positions at the high
Bi*10 T, i.e., for the largest momentaP/\*1.8
3106 cm21, caused by the line broadening and the red
tion in intensity, is insufficient to explain that difference.

We note that the observed large enhancement of the e
tive mass of the indirect exciton in magnetic fields is
single-exciton effect, unlike the well-known renormalizatio
effects in neutral and chargede-h plasmas.23 It has, however,
very important effects on collective phenomena in the ex
ton system. In particular, the mass enhancement explains
disappearance of the stimulated exciton scattering and
transition from the highly degenerate to classical exciton
with increasing magnetic field observed in Ref. 12.

In general, the magnetic field effect on the quantum
generacy of the 2D exciton gas and the exciton condensa
to theP50 state has a complicated character which is brie
discussed below. There are the ‘‘good’’ effects induced
magnetic field which increase the quantum degeneracy
improve the critical conditions for the exciton condensatio
and there are the ‘‘bad’’ effects which, on contrary, redu
the quantum degeneracy and suppress the exciton cond
tion.

The ‘‘good’’ effects of applying a magnetic field are th

FIG. 12. Calculated effective masses of indirect~points! and
direct ~circles! excitons in GaAs/Al0.33Ga0.67As CQW’s with d
511.5 nm vsB' . Triangles correspond to the experimental da
for indirect excitons in GaAs/Al0.33Ga0.67As CQW’s with d
511.5 nm. Squares correspond to the calculated effective mas
an indirect exciton in AlAs/GaAs CQW withd53.5 nm.
4-9
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following: ~g1! It lifts the spin degeneracyg, resulting in the
increase of the quantum degeneracy and of the exciton
densation critical temperatureTc which are both}1/g. ~g2!
It increases the exciton binding energy, reduces the grou
state radius, and reduces screening. This increases the
ton stability and maximizes the exciton density which can
reached~limited by the Mott transition, which is determine
by phase-space filling and screening, and inversely pro
tional to the square of the exciton radius23! and therefore
increases the quantum degeneracy andTc for high exciton
densities.~g3! It results in the coupling between the excito
c.m. motion and internal structure. This coupling modifi
the nature of the exciton condensation: AtB50 the exciton
condensation is purely determined by the statistical distri
tion in momentum space of weakly interacting bosons~i.e.,
excitons!,24 while in the high-magnetic-field regime, due
the coupling, thee-h Coulomb attraction forces the exciton
to the low-P states, and, therefore, the mean-field critic
temperatureTc at which the quasicondensate appears25,26 in
the high-magnetic-field limit is determined~within the mean-
field approximation valid at not very low LL filling factors!
by the e-h pairing27,28 similar to the case of the excitoni
insulator29 or Cooper pairs. According to the theory of Re
27 and 28,Tc in high magnetic fields is much higher thanTc
at B50 ~see, for example, Fig. 1 of Ref. 14!.

The ‘‘bad’’ effects of applying a magnetic field are th
following: ~b1! According to Refs. 30 and 31, in high mag
netic fields the exciton condensate can be the ground s
only if the separation between the layers is smalld& l B . For
larged or small l B the e-e andh-h rather thane-h correla-
tions determine the ground state of spatially separatede and
h layers. Therefore, magnetic fields such thatl B&d should
destroy the condensate.~b2! According to the previous sec
tions the magnetic field increases the in-plane exciton m
MX and, therefore, reduces the quantum degeneracy o
2D exciton gas andTc which are both}1/MX .25,26,32@Note
that the Kosterlitz-Thouless transition temperature is a
}1/MX ~Refs. 33 and 34!.#

Some of the ‘‘good’’ and ‘‘bad’’ effects are crucially de
pendent on the interlayer separationd. In particular, smalld
is essential to maximize the g2 effect and g3 effect as
binding energy of indirect exciton is higher for the smallerd.
Smalld is also essential to overcome the b1 effect—nam
for the smallerd it is possible to reach higher magnetic fiel
beforel B;d. The results shown in Fig. 12 present the m
important difference of the magnetic field effect on the qu
tum degeneracy of the exciton gas and on the exciton c
densation for the systems with small and larged: For larged
the magnetic field results in a huge enhancement ofMX ,
while for small d the mass enhancement is not significa
Therefore, a magnetic field could increase the quantum
generacy of a 2D exciton gas and improve the critical c
ditions for the exciton condensation in systems of spatia
separated electron and hole layers with smalld and, vice
versa, reduce the quantum degeneracy of the 2D exciton
and suppress the exciton condensation in the systems of
tially separated electron and hole layers with larged. These
results could explain the opposite effect of the magnetic fi
on the indirect excitons in AlAs/GaAs CQW’s withd
23530
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53.5 nm, where the magnetic field improves the critic
conditions for the exciton condensation,13,14 and on the indi-
rect excitons in GaAs/Al0.33Ga0.67As CQW’s with d
511.5 nm, where the magnetic field reduces the quan
degeneracy of the 2D gas of indirect excitons.12

V. CONCLUSION

In conclusion, we analyzed the dispersion relations a
internal structures of the spatially indirect and direct excito
in single and coupled quantum wells in the entire range
magnetic fieldB' . We revealed the existence of the sha
transition between the hydrogenlike exciton and magneto
citon with increasing the exciton c.m. momentumP at a
fixed weakB' . At the transition the mean separation b
tween the electron and holêr & sharply rises and become
^r &5cP/(eB') for the magnetoexciton. For the higherB'

the transition smears out into the crossover and eventu
disappears in the high-magnetic-field regime. The phase
gram describing an exciton in the magnetic-field–excit
momentum plane has been constructed. The calculated m
netoexciton dispersion relations and effective masses in fi
B' are in an agreement with the experimental data
GaAs/Al0.33Ga0.67As coupled quantum wells obtained by
new method for monitoring of the magnetoexciton dispers
relation using tilted magnetic fields. We have also discus
the impact of magnetic field and sample geometry on
condition for observing the exciton condensation.

The results of the work can be generalized to the cas
three dimensions as well as to the case of any compo
particles consisting of oppositely charged subparticles~i.e.,
atoms, molecules, etc.!. An important manifestation of the
effect is that such a composite particle is unstable in arbitr
small magnetic fields when its kinetic energy exceeds
binding energy.
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APPENDIX: THE LIMITING CASE B�\0

Our approach remains correct in the limiting caseB'

→0. The Coulomb and magnetic minima of the ‘‘effectiv
potential’’ Ue f f(r ) are separated byr05cP/(eB'). The
smaller uB'u is, the largerr0 is. In the small-field limit the
Coulomb minimum is changed only slightly compared to t
B50 case, Eq.~6!. The width of thee or h wave function in
the zeroth LL is given by the magnetic lengthl B;1/AB'

while the separation between the Coulomb minimum and
magnetic minimumr0;1/B' . Therefore, atB'→0 the
Coulomb minimum moves infinitely far away from the ma
netic minimum and the overlap between the wave functio
4-10
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located in the two minima becomes exponentially sm
Therefore, these two states can be considered as indepe
candidates for the ground state of the system. The expo
tially small overlap between the wave functions lifts the d
generacy of these states near the intersection point. The s
ting of the spectrum is obtained by the diagonalization of
Hamiltonian calculated on the unperturbed wave functions
the LL, cmagn(r2r0)5(1/A2p l B)exp@2r2/(2lB

2)#, and the
lowest bound state of the Coulomb potential,cCoul(r )
5(A2/p)aB2D

21 exp(2r/aB2D) @aB2D5«\2/(2me2) is the 2D
exciton Bohr radius#; i.e., the Hamiltonian is the 232 matrix

Ĥ5FEb d

d EmagnG .

And d is proportional to the overlap between the wa
functions:
-

d

B.

rd

.

d

23530
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ent
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lit-
e
f

d5
1

2
\vc^cCoulucmagn&1^cCouluV̂ucmagn&

}A\vcEbexpS 2g
Eb

\vc
D ,

whereg5m/M .
Interestingly, the transition takes place at finite excit

momentum even atB'→0. However, in the absence of
magnetic field, obviously there should be no transition in
system, which appears to be a contradiction. This, howe
can be clarified as follows: WhenP becomes larger thanPtr
the hydrogenlike bound state becomes metastable, bu
lifetime, which is}d22, increases infinitely asB'→0.

Note that the energy splitting between the lowest hyd
genlike level and the lowest LL at the intersection is equa
2d, Fig. 3.
.
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